In this paper, we present a multiscale method for simulations of the multicontinua unsaturated flow problems in heterogeneous fractured porous media. The mathematical model is described by the system of Richards equations for each continuum that coupled by the specific transfer term. To illustrate the idea of our approach, we consider a dual continua background model with discrete fractures networks that generalized as a multicontinua model for unsaturated fluid flow in the complex heterogeneous porous media. We present fine grid approximation based on the finite element method and Discrete Fracture Model (DFM) approach. In this model, we construct an unstructured fine grid that take into account a complex fracture geometries for two and three dimensional formulations. Due to construction of the unstructured grid, the fine grid approximation leads to the very large system of equations. For reduction of the discrete system size, we develop a multiscale method for coarse grid approximation of the coupled problem using Generalized Multiscale Finite Element Method (GMsFEM). In this method, we construct a coupled multiscale basis functions that used to construct highly accurate coarse grid approximation. The multiscale method allowed us to capture detailed interactions between multiple continua. The adaptive approach is investigated, where we consider two approaches for multiscale basis functions construction:
Introduction
Prediction of fluid flow in unsaturated soils is an important problem in science and engineering, for example, in agriculture and environmental engineering, oil and gas production, groundwater hydrology etc. Mathematical models of the unsaturated filtration processes are described by the Richards equation [1, 2, 3] , where porous media characterized by a complex heterogeneous rock properties, complex fracture distribution, multiple scales and high contrast of the properties. Due to the high permeability of the fractures, they have a significant effect on the flow processes and requires a special approach in the construction of a mathematical model and computational algorithms. For example, a hierarchical model is used to describe the multiscale fractures [4, 5, 6, 7] , where flow in the small scale highly connected fracture networks (natural fractures) can be described by the dual continua approach with additional lower dimensional discrete fracture for simulation of the flow in large scale fractures.
In this work, we construct a multicontinua models for unsaturated flow in porous media, that based on the coupled system of Richards equations. We consider fractured porous media, where one of the continua is describes a flow in the fracture networks. For accurate simulations in the fractured and heterogeneous porous media, the unstructured grids should be used to resolve features in the level of mesh construction.
Such grids lead to the large number of unknowns of the discrete system and computationally expensive.
To solve such problems, a homogenization techniques or multiscale methods are used to reduce size of the discrete systems.
Several multiscale methods are developed to solve problems with heterogeneous properties, for example, multiscale finite element method (MsFEM) [8] , multiscale finite volume method (MsFVM) [9] , heterogeneous multiscale methods (HMM) [10] , generalized multiscale finite element method (GMsFEM) [11] , constraint energy minimizing generalized multiscale finite element method (CEM-GMsFEM) [12] . In [13, 14, 15] , the authors present construction of the coarse grid approximation based on the MsFEM for solving the unsaturated flow problems with heterogeneous coefficients. Upscaling method for the Richards equation is presented in [16] . Multiscale methods for solution of the flow problems in fractured porous media are presented in [17, 18, 19, 20, 21] . In our previous works, we developed multiscale model reduction techniques based on the Generalized Multiscale Finite Element Method (GMsFEM) for flow in fractured porous media [17, 6, 22] . Recently in [23, 24, 25] , we introduced a nonlocal multicontinuum (NLMC) method for problems in fractured porous media, where we construct multiscale basis functions based on the solution of some local constrained energy minimization problems as in the CEM-GMsFEM.
In this work, we present the Generalized Multiscale Finite Element method [26, 27] for solution of the unsaturated multicontinua flow problem in fractured heterogeneous porous media. Previously in [6] , we presented construction of the GMsFEM for solution of the saturated flow problem in fractured media, in presented work we extend proposed framework for unsaturated flow case problem in two and three dimensional formulations. In GMsFEM, we construct multiscale basis functions that automatically identify each continuum via solution of the local spectral problems [28, 29, 30] . For coupled system of equations in multicontinua models, we solve local coupled system of equations to construct highly accurate basis functions that capture complex interaction between continua in the coarse grid model. We study an adaptive approach with simplified basis functions construction and compare with adaptive choosing based on the local eigen-values of the spectral problem. The simplified approach is effective for the cases, when the fracture networks are known and have simplified geometries. To illustrate robustness and accuracy of the proposed method, we consider a dual continuum background model that coupled with the discrete fracture networks (triple continua model). We present several numerical examples for two and three dimensional test problems.
We organize the paper as follows. In Section 2, we present a mathematical model for unsaturated multicontinua flow problem in fractured porous media as a general multicontinia formulation of the unsaturated flow. In section 3, we consider fine-scale approximation using Discrete Fracture Model. Next in Section 4, we describe the construction of the coarse grid approximation and describe construction of the multiscale basis functions. Furthermore, we present an adaptive approach with simplified multiscale basis functions and using adaptive approach based on the spectral characteristics of the spectral problems. We present numerical results in Sections 5 for two and three dimensional model problems. Finally, we present Conclusion.
Mathematical model
Mathematical model of the unsaturated flow in porous media described by the Richard's equations. For fractured porous media, we consider a mixed dimensional formulation of the flow problem [31, 32, 33, 34] . 
where q m and q f are the Darcy velocities in matrix and fractures; p m and p f are the pressure head in matrix and fractures; k m and k f are the unsaturated hydraulic conductivity tensors for matrix and fractures; z represent the influence of the gravity to the flow processes; Θ m and Θ f are the water content for matrix and fracture; and f m and f f refer to source and sink terms. Here L mf and L f m are the transfer term between matrix-fracture and fracture-matrix,
After substitution the Darcy's Law into the mass conservation equation, we obtain following system of equations for p m and p f :
Similarly, for the dual continuum background model with lower-dimensional fracture model, we have following system of equations for p 1 , p 2 and p f :
where subindices 1, 2 are related for first and second continua, and subindex f is related to the lowerdimensional fracture model. System of equations is coupled by the mass exchange terms between continuum
and
We consider system of equations (3) unsaturated flow model with following initial conditions
and boundary conditions
where In general, we have following multicontinuum model:
where α = 1, ..., L and L is the number of continuum.
As constitutive relations, we use Haverkamp model [3] 
where A α B α , C α , D α , Θ α,r and Θ α,s are the Haverkamp model coefficients, k α,s (x) is the heterogeneous saturated hydraulic conductivity for α continuum.
Fine grid approximation
For numerical solution, we construct unstructured fine grid that explicitly resolve fractures in the level of mesh. We construct a discrete system based on the finite element method and Discrete Fracture Model (DFM) for fracture networks. Let T h denote a finite element partition of the domain Ω ∈ R d and
where K i is the triangular element for d = 2 and tetrahedron for d = 3. Let E h the set of all the faces between the elements T h and E γ ⊂ E h be the subset of all faces that represent fractures. Furthermore, fracture facets E γ represent the lower dimensional fracture grid. Then finite element approximation for system of equations (3) with boundary conditions (5) can be written as follows:
for
For bilinear and linear forms, we have
Similarly, we can generalize model for multicontinuum case:
To solve the coupled nonlinear system of equations (9), we apply implicit approximation by time with a Picard iteration scheme. For Θ n+1,m+1 α we use Taylor series with respect to p α
where C α = dΘ α /dp α , superscript n indicate time iteration and m is the nonlinear iteration number.
Therefore, we obtain following variational formulation
where α = 1, ..., L, τ is the given time step and
For triple continuum model (8) with the Galerkin finite element method, we write the solution as We write approximation for (8) , in the matrix form as follows for
where
This fine-scale discretization yields matrices of the size
Remark 1. In this paper, for simplification of the matrix construction, we use a modified DFM approach and consider the case when σ 2f = 0. We assume that p 1 = p f and using superposition principle [35, 17, 6] , we eliminate p f from equations (12) and obtain following coupled system of equations for p = (p 1 , p 2 )
with matrices of the size
Coarse grid approximation using GMsFEM
Let T H is the coarse grid for computational domain Ω and ω i is the local domains, where i = 1, ..., N ).
• Online steps: For each time step and nonlinear iteration:
-Construct coarse grid system using projection matrix.
Here, for a given configuration of heterogeneous properties and fracture geometry, we precompute a multiscale basis functions on the offline step and generate projection matrix. On the online step, we project nonlinear matrices into the multiscale space and solve coarse grid systems. Note that, we focus method on the structured coarse grids in this work for illustration of the method, but in general, the method in presented form can be extended to unstructured coarse grids.
In (7), we consider the case, when the nonlinearity and heterogeneity of k α (x, p α ) is separable,
Therefore, we can use a linear multiscale space and precompute multiscale basis functions.
For general multicontinuum case, let
Next, we describe construction of the coupled mutiscale basis functions for the multicontinua flow problem. We start with the construction of the snapshot space in the local domain ω i . The constructed local snapshots contain the information about local heterogeneities. After, the multiscale spaces are obtained from the snapshot spaces by a dimension reduction via local spectral problems [6, 17, 37, 35] .
The snapshot space is constructed by the solution of the local problems in ω i with all possible boundary conditions. Let
for ∀v α ∈ V 0 α = {v ∈ H 1 (ω i ) : v = 0 on ∂ω i }. Here δ j is the function, which takes the value one at node x l ∈ ∂ω i and zero elsewhere, l = 1, ..., J i (J i is the number of nodes on the boundary of ω i ). Therefore, we define
Ji ).
For multiscale basis functions Ψ
T in ω i , we solve the local spectral problem on the snapshot space for
. We choose the smallest M i eigenvalues and use them for the construction of multiscale basis functions for k = 1, 2.., M i .
Here
where ϕ α,l are the linear basis functions. Note that, the adaptive approach can be applied based on the calculated eigenvalues λ k of the spectral problem (15).
Remark 2 (Simplified multiscale basis functions).
For the simplified heterogeneities cases, where fracture networks are known and have simplified geometries, the simplified approach for multiscale basis functions construction can be implemented. Simplified multiscale basis functions are constructed without solution of the local spectral problems on the snapshot spaces and defined by a direct setting specific boundary conditions in local problem (see [6] for detailed explanations).
For construction of the continuous multiscale space, let χ i are the linear basis functions in the local domains ω i on the coarse grid. The multiscale space is defined as
with following projection matrix
where ψ 
= RF n+1,m and the fine grid solution can be reconstructed, p ms = R T p c .
Numerical results
We present numerical results for several model problems: and k f,s = 10 9 (heterogeneous porous matrix). 
Test 2 ). In Figures 2 for and 3 , we show computational domains and heterogeneous coefficients for test problems are presented, by green and blue color, we depict the fine and coarse grids. The coarse grids are uniform with 121 nodes (100 cells) for two-dimensional test problems and 726 nodes (500 cells) for three-dimensional tests.
We use DOF f (Degree of Freedom) to denote fine grid system size and DOF c to denote problem size of the multiscale system using GMsFEM.
In Haverkamp model, we set A α = 1.511 · 10 
and p ms and p are the multiscale and reference (fine-scale) solutions. We use GMSH software [38] to construct computational domains and grids. The implementation is based on the open-source library FEniCS [39] .
Two-dimensional model problems
We We use 10 × 10 structured coarse grid with rectangular cells to find multiscale solution with 100 quadratic cells and 121 vertices .
In Test 1, we consider problem for p = (p m , p f ) with homogeneous porous matrix and fracture properties.
The fine-scale solution and multiscale solution using 8 basis function are presented on Figure 4 for four time steps. Relative L 2 and energy errors are presented for different number of multiscale basis functions in Table (from left to right). First row: fine scale solution DOF f = 14376. Second row: multiscale solution using 8 basis functions DOF c = 968
Next, we consider Test 2 for p = (p m , p f ) with heterogeneous matrix property k m,s (x) (see Figure 2 ).
The fine-scale solution and multiscale solution using 8 basis function are presented on Figure 5 . In Table 2, we present a dynamic of the L 2 and energy errors for different number of multiscale basis functions for four 
. Reference (fine-scale) and multiscale solutions are presented in Figure 6 . In Table 3, we present a relative errors and observe good convergence of the presented method with coupled multiscale basis functions for multicontinua unsaturated flow problem. For example, when we take 4 multiscale basis functions we have less than one percent of L 2 errors for p 1 and p 2 with near 5 % of energy error.
For two-dimensional test problems (Test 1, 2 and 3 ), we observe small errors, when we take at least 4 multiscale basis functions with huge reduction of the system size. For Test 1 and 2, the fine grid system has size DOF f = 14376, but using coarse grid multiscale solver with 4 basis functions, we reduce size to 
Three-dimensional model problems
In this section, we consider three-dimensional model problems and present a numerical results for Test 4,5 and 6. We consider, similar test problems as for two -dimensional problems. We start with Test 4 with homogeneous porous matrix properties and fracture distribution that presented on Figure 9 for final time.
Relative errors are presented in Table 6 for final time. Coefficient σ 12 = σ 21 = 10 3 · k 2,s (x). Fine grid system has size DOF f = 43218 and DOF c = 6912 for multiscale solver with 16 basis functions. We observe a good convergence of the presented method with coupled multiscale basis functions for unsaturated multicontinua flow problems in three -dimensional formulations. 
Conclusion
We presented a multiscale method for simulations of the multicontinua unsaturated flow problems in heterogeneous fractured porous media. The mathematical model is presented as general multicontinua model.
The fine grid approximation are presented for coupled system of equations based on the finite element approximation and Discrete Fracture Model with unstructured grids that resolve fracture geometries explicitly.
We presented the multiscale solver using GMsFEM with coupled multiscale basis function construction for multicontinua problems. Adaptive approach is investigated with simplified multiscale basis functions. To illustrate the idea of our approach, we considered unsaturated flow in fractured porous media and dual con- 
